Abstract. We show that no finite index subgroup of a sufficiently complicated mapping class group or braid group can act faithfully by C 1`bv diffeomorphisms on the circle, which generalizes a result of Farb-Franks, and which parallels a result of Ghys and Burger-Monod concerning differentiable actions of higher rank lattices on the circle. This answers a question of Farb, which has its roots in the work of Nielsen. We prove this result by showing that if a right-angled Artin group acts faithfully by C 1`bv diffeomorphisms on a compact one-manifold, then its defining graph has no subpath of length three. As a corollary, we also show that no finite index subgroup of AutpF n q and OutpF n q for n ě 3, the Torelli group for genus at least 3, and of each term of the Johnson filtration for genus at least 5, can act faithfully by C 1`bv diffeomorphisms on a compact one-manifold.
1. Introduction 1.1. Main results. Let S " S g,n,b be an orientable surface of genus g, with n marked points, and with b boundary components, and let ModpS q denote its mapping class group. We will write cpS q " 3g´3`n`b for the complexity of S . Throughout this paper, we let M be a compact (possibly disconnected) one-manifold, and we let Diff 1`bv pMq be the group of C 1 orientationpreserving diffeomorphisms of M whose first derivatives have bounded variation; see Section 4 for a more detailed discussion. The following is a classical result of Nielsen: Theorem 1.1 (Nielsen [13] ). If S " S g,1,0 , the group ModpS q admits a faithful continuous action on S 1 without global fixed points.
In this article we prove the following result which shows that the action in Theorem 1.1, and in fact any action at all even after taking a finite index subgroup, is not smoothable to C 1 with bounded variation. [11] , wherein it is shown that if S " S g,n,0 , where g ě 3 and where n P t0, 1u, then there is no nontrivial C 2 action of ModpS q on the circle or the closed interval. As Farb and Franks remark, Ghys established this fact independently in the case of the circle.
Note that a C 2 action or a C 1 action with Lipschitz derivatives on M is always C 1`bv . For a lower regularity, Parwani [31] proves that every C 1 mapping class group action on the circle is trivial if the genus of S is at least six.
We say a group H embeds into another group G if there exists an injective homomorphism from H into G, and H virtually embeds into G if a finite index subgroup of H embeds into G. Theorem 1.2 has the following immediate corollary: Previous results about the non-existence of smooth mapping class group actions on one-manifolds used particular relations which hold in mapping class groups, especially braid relations. The difficulty with generalizing such arguments is that most relations other than commutation/non-commutation of elements do not persist in finite index subgroups.
We are able to establish Theorem 1.2 by exhibiting a right-angled Artin group which cannot act faithfully by C 1`bv diffeomorphisms on a compact one-manifold. Recall that if Γ is a finite simplicial graph with the vertex set VpΓq and the edge set EpΓq, the right-angled Artin group ApΓq is the finitely presented group ApΓq " xVpΓq | rv i , v j s " 1 if and only if tv i , v j u P EpΓqy.
We let P n denote the path on n vertices (see Figure 2) .
The core of the paper is in proving the following result: Note that Theorem 1.4 provides a (relatively simple) purely algebraic obstruction for a group to act faithfully on a compact one-manifold by C 1`bv diffeomorphisms. Whereas the regularity assumption in Theorem 1.4 may appear artificial at first glance, it is actually optimal; in particular, it cannot be weakened to C 1 . See Theorem 1.9 below.
Recall that a graph Λ is an induced subgraph of a graph Γ if VpΛq Ă VpΓq, and whenever v 1 , v 2 P VpΛq span an edge of Γ, they also span an edge of Λ. A graph Γ is called P 4 -free if no induced subgraph of Γ is isomorphic to P 4 .
Corollary 1.5. Suppose that ApΓq embeds in Diff 1`bv
pMq. Then Γ is P 4 -free.
There are two main steps in the proof of Theorem 1.4. The first step is finding a certain configuration of infinitely many intervals in the supports of the generators of ApP 4 q. This step constitutes most of the original content of this paper, and builds on the classical results in one-dimensional dynamics described in Section 4. The results of Section 5 give a detailed description of right-angled Artin group actions on one-dimensional manifolds. Labeling the vertices of P 4 as shown in Figure 2 , we prove the following proposition in Section 5, which is crucial for the proof of Theorem 1. The second step of the proof of Theorem 1.4 consists of derivative estimates of the diffeomorphisms tφpvq | v P VpP 4 qu; see Section 6.
In the last section, we will give a generalization of Theorem 1.2 to finitely generated groups quasi-isometric to mapping class groups. Lattices in higher rank simple Lie groups have Kazhdan's property (T). Navas [27] proved the following non-smoothability result for all countable groups with property (T). Here, we use the terminology C 1`τ diffeomorphism for a C 1 diffeomorphism whose first derivative is Hölder continuous of exponent τ ą 0: Theorem 1.8. Let G be a countable group with property (T) and τ ą 1{2. Then every C 1`τ action of G on the circle factors through a finite group.
Navas refined Theorem 1.8 to groups with relative property (T) in [28] , and produced a finitely generated, locally indicable group with no faithful differentiable action on the interval in [29] . In those papers, as in the present one, the main subtleties arise from differentiability.
Braid groups and mapping class groups of genus two surfaces (virtually) admit nontrivial homomorphisms to Z, so that these groups do admit (non-faithful) actions on the circle without a global fixed point, which can even be taken to be analytic.
In this context, Theorem 1.2 can be viewed as a generalization of known results to "lattices in mapping class groups", i.e. finite index subgroups of mapping class groups. The reader may note that Theorem 1.2 resolves a question posed by Labourie in his 2002 ICM talk, as well as by Farb (see page 47 of [10] We recall the following: let AutpF n q and OutpF n q denote the automorphism and the outer automorphism groups of the free group F n on n generators. The Torelli group I pS q of S is defined to be the kernel of the standard representation ModpS q Ñ AutpH 1 pS , Zqq. When S has a distinguished marked point, one can write J k pS q for the k th term of the Johnson filtration, i.e. J k pS q is the kernel of the natural action of ModpS q on the k th universal nilpotent quotient G k of π 1 pS q. In other words, we set γ 1 pπ 1 pS" π 1 pS q and γ k`1 pπ 1 pS" rπ 1 pS q, γ k pπ 1 pS qqs. Then, G k " π 1 pS q{γ k pπ 1 pS qq. Note that with this definition, J 1 pS q " ModpS q and J 2 pS q " I pS q. (1) AutpF n q and OutpF n q for n ě 3; (2) I pS q and J 3 pS q, where S has genus at least 3; (3) J k pS q, where S has genus at least 5 if k ą 3.
It was proved in [3] that AutpF n q does not admit a nontrivial action by circle homeomorphisms, though the Bridson-Vogtmann proof relies essentially on torsion inside AutpF n q and thus does not generalize to finite index subgroups of AutpF n q. We will give a proof of Corollary 1.10 in Section 3 below. A negative answer would prove that a braid group on at least four strands does not virtually embed into a right-angled Artin group, by Theorem 1.11. It has recently been proved that such braid groups do not virtually admit cocompact actions on CAT(0) cube complexes [17] , [19] .
1.2.4.
Structure of finitely generated subgroups of the diffeomorphism group. Theorems 1.2 and 1.4 raise natural questions about the structure of finitely generated subgroups of Diff 1`bv pMq, which are known to be quite complicated [15] . Already, we see that the possible right-angled Artin subgroups of Diff 1`bv pMq are rather restricted whenever M is a compact one-manifold. Indeed, Corollary 1.5 states that if Γ is a graph and ApΓq acts faithfully by C 1`bv diffeomorphisms on M then Γ must be P 4 -free. The class of P 4 -free graphs is well-understood: it is the smallest class of finite simplicial graphs which contains a single vertex graph, and which is closed under finite disjoint unions and finite joins. See [7] and also [21] for a more detailed discussion of P 4 -free graphs and the right-angled Artin groups defined by such graphs.
Let us denote by Diff A positive answer to this question would characterize the right-angled Artin subgroups of Diff 1`bv pMq as exactly the ones with P 4 -free defining graphs. Recall that a diffeomorphism of a space is fully supported if the fixed point set has empty interior [11] . The referee has pointed out the following partial answer to Question 3: If G and H consist of fully supported diffeomorphisms, then one can embed G˚H into Diff 2 pMq by conjugating one of G and H by some diffeomorphism f , and the choice of such an f is dense in Diff 2 pMq. Similar genericity arguments are described in [15, Proposition 4.5] and in [33, Theorem 2.1].
Sections for the mapping class group. Let
π : Homeo`pS q Ñ ModpS q be the projection that takes a homeomorphism of S its mapping class. A wellknown result of Markovic [26] , which is closely related to mapping class group actions on the circle, says that π does not admit a section whenever S is a closed surface with genus at least six. 
Right-angled Artin groups and finite index subgroups of mapping class groups
For our purposes, right-angled Artin groups are an essential tool for understanding all finite index subgroups of a given mapping class group. In this section, we summarize the relevant facts and reduce the results of this paper to Theorem 1.4.
Lemma 3.1. If a right-angled Artin group A embeds into a group G, then A embeds into each finite index subgroup of G.
Proof. Let H be a finite index subgroup of G. By taking a smaller finite index subgroup if necessary, we may assume H is normal in G. Let φ : A Ñ G be the given injective homomorphism and N " rG :
Let S be a surface. Recall that the curve graph C pS q is a graph whose vertices are isotopy classes of non-peripheral simple closed curves on S , and the edge relation is given by disjoint realization on S . A graph Γ is called an induced subgraph of C pS q if there exists an injective map of graphs ι : Γ Ñ C pS q which preserves adjacency and non-adjacency. , where T ιpvq denotes the Dehn twist about the curve ιpvq. A more detailed version of Theorem 3.2 as proved in [23] is that for N " 0, the homomorphism ι˚, N is injective. Proof of Theorem 1.2. For surfaces S with cpS q ě 2, the conclusion of the theorem follows from Theorem 1.4, combined with Lemma 3.1 and Corollary 3.3. For surfaces with cpS q ă 2, we have that ModpS q is virtually a product of a free group and a cyclic group [5] and thus virtually admits a C 1`bv action on M; for example, see [16] .
Proof of Corollary 1.10. By Theorem 1.4, it suffices to find a copy of ApP 4 q in each of these groups.
(1) Note that the surface S 1,0,2 of genus one with two boundary components contains a chain of four simple closed curves, by which we mean a collection of four pairwise non-isotopic essential simple closed curves tγ 1 , . . . , γ 4 u in minimal position with the property that γ i Xγ i`1 ‰ ∅, but γ i Xγ j " ∅ otherwise. See Figure 1 (a) below. By Theorem 3.2, this realizes ApP 4 q in ModpS 1,0,2 q ă OutpF 3 q. Equipping S 1,0,2 with a marked point realizes ModpS 1,1,2 q as a subgroup of AutpF 3 q.
(2) A closed surface S of genus at least 3 contains a chain of four separating closed curves as shown in Figure 1 (b) . The curves are labeled by a, b, c, d so that the intersection graph coincides with the graph shown in Figure 2 which is a copy of P 4 . By Theorem 3.2 this furnishes a copy of ApP 4 q in I pS q. The reader may note that this actually furnishes ApP 4 q in J 3 pS q.
(3) (Sketch) If S has genus 5 or more then there exists a chain of four subsurfaces tS 1 , . . . , S 4 u in S , where each S i is homeomorphic to a genus two surface with one boundary component. A chain of subsurfaces is defined analogously to a chain of simple closed curves, and a chain of two subsurfaces is illustrated in Figure 1 (c) below. Let k ą 3.
For each i " 1, 2, 3, 4, we claim the surface S i supports a pseudo-Anosov mapping classes ψ i which lie in the Johnson kernel J k pS q. This follows from a wellknown fact that every non-central normal subgroup of a mapping class group contains pseudo-Anosov elements (see [20] ). One way to see this fact is to appeal to a result of Dahmani-Guirardel-Osin in [8] , which shows that the mapping class group contains an infinitely generated, purely pseudo-Anosov, normal subgroup N. If 1 ‰ ψ P J k pS q is pseudo-Anosov then there is nothing to show. If ψ fails to be pseudo-Anosov then we take 1 ‰ n P N, and consider rn, ψs. Since ψ and n will not commute as the centralizer of a pseudo-Anosov mapping class is virtually cyclic, we have that φ " rn, ψs is nontrivial. Since J k pS q is normal, φ P J k pS q. Since N is normal, we also have φ P N and is therefore pseudo-Anosov.
Finally, sufficiently large powers of tψ 1 , . . . , ψ 4 u will generate a copy of ApP 4 q ă J k pS q, by [ We also record the following fact, which allows us to reduce to the case where M is a connected manifold: Proof. Let K G and K H be the kernels of φ G and φ H respectively, which we assume are nontrivial. On the one hand, note that K G K H -K GˆKH , so that if g P K G and h P K H are nontrivial, then Z 2 -xg, hy ă ApP 4 q. On the other hand, we have that K G and K H both contain loxodromic elements, each of which has a cyclic centralizer in ApP 4 q (see Lemma 52 of [22] and Theorem 2.4 of [24] ). This is a contradiction, so that at least one of K G and K H is trivial. 
Classical one-dimensional dynamics
From Sections 4 through 6, we will assume M is connected. In other words, we let M " I " r0, 1s or M " S 1 " R{Z. For x, y P S 1 , the open interval px, yq " tz P M : x ă z ă yu is naturally defined as a subset of the image of px, x`1q Ď R. We let Homeo`pMq denote the group of orientation-preserving homeomorphisms of M. For f P Homeo`pMq, we use the notations Fix f " tx P M : f x " xu and supp f " Mz Fix f . The set supp f is called the support (or, open support) of f . We will broadly appeal to the following equality, which is trivial to prove: supp f " supp f´1 for an arbitrary automorphism of an arbitrary set.
We define the set of periodic points:
For Y Ď M, the set of the connected components of Y is denoted as π 0 pYq. For two group elements a and b, we let ra, bs " a´1b´1ab. Proof. (1) For x P M, we have
And the other two assertions follow similarly.
(2) The assertion is immediate from
For f P Homeo`pS 1 q, choose an arbitrary liftf : R Ñ R and x P R. Then we define the rotation number of f as rot f " lim nÑ8`f n pxq´x˘{n, which is uniquely defined in R{Z regardless of the choice of the liftf and x. We have rotp f n q " n rotp f q for each n P Z. It is a standard fact that rotp f q " 0 if and only if f is grounded. We denote by varpg; Mq the total variation of a map g : M Ñ R:
In the case M " S 1 , we require a n " a 0 in the above definition. Following [30] , we say a
We let Diff 1`bv pMq denote the group of orientation-preserving C 1`bv diffeomorphisms of M. Our approach essentially builds on the following two fundamental results on C 1`bv diffeomorphisms. Farb and Franks proved the following Abelian Criterion in [11, Lemma 3.2] for C 2 diffeomorphisms. Actually, they stated the theorem in a stronger form for fully supported diffeomorphisms, which means that the closure of the support of each diffeomorphism is I. Our proof given here follows [11] closely.
Theorem 4.6 (Abelian Criterion). If f, g, h P Diff 1`bv
pIq satisfy that Fix g " t0, 1u and that r f, gs " 1 " rg, hs, then r f, hs " 1.
Proof. Suppose w P x f, hy fixes a point in p0, 1q. Since rw, gs " 1, Kopell's Lemma implies that w " 1. Hence x f, hy acts freely on p0, 1q and is abelian by Hölder's theorem.
The commutation graph of a subset S of a group G is a graph on the vertex set S such that two vertices u and v are joined if and only if they are commuting in G. A complete graph is a finite graph in which every pair of vertices are joined.
Lemma 4.7. Suppose a nonabelian subgroup G ď Diff 1`bv pS 1 q is generated by a finite set V Ď G such that the commutation graph of V is connected. If V consists of infinite order elements, then the rotation number of each v P V is rational.
Proof. Suppose v 1 P V has an irrational rotation number, and choose a path pv 1 , . . . , v m q in the commutation graph of V such that all the vertices are visited at least once. By Denjoy's Theorem, there exists f P Homeo`pS 1 q such that f v 1 f´1 is an irrational rotation. From Theorem 4.3 and the assumption that v 2 is of infinite order, we see that f v 2 f´1 is also an irrational rotation. An inductive argument shows that f v f´1 is an irrational rotation for each v P V. This would imply that G is abelian.
Remark 4.8. In Lemma 4.7, one cannot drop the condition that V consists of infinite order elements. For instance, consider the three maps a, b, c P Diff 8 pS 1 q:
It is easy to see that ra, bs " rb, cs " 1, ra, cs ‰ 1 and that the rotation number of a is irrational.
We write A&B if two sets A and B intersect nontrivially.
Lemma 4.9 (Disjointness Condition). Components of the supports of two commuting grounded C 1`bv diffeomorphisms on M are either pairwise equal or pairwise disjoint.
Proof. Suppose f, g P Diff 1`bv pMq satisfy r f, gs " 1, and A&B for some A " pp,P π 0 psupp f q and B " px, yq P π 0 psupp gq. Assume further that A ‰ B. By symmetry, we only need to consider the following two cases.
First, assume p ă x ă q ď y. By replacing f by f´1 if necessary, we may assume gx " x ă f x ă q. Then f x P supp g and so, g f x ‰ f x " f gx. This contradicts the commutativity of f and g. Note that we have also covered the case when we have a circular ordering p ă y ď x ă q ď p.
Second, we assume p ď x ă y ď q. Again, we may assume f ptq ą t for t P A. For each b P B, we have lim kÑ´8 f k pbq " p and lim kÑ8 f k pbq " q. Since gb P B, we have
Kopell's Lemma for the closure of A yields a contradiction.
In the following two lemmas, we explain how conjugation can be used to control the supports of homeomorphisms. Case 2. p ď up ď q ă uq ď Q. Since P ď u´1 p ď p, we have u f˘1u´1 p " uu´1 p " p. Hence, if u f u´1q ď q, we are done: we choose w " u f u´1. Otherwise, we have u f u´1q ě q, hence u f´1u´1q ď q. In this case, we choose w " u f´1u´1. In either case, we have wY Ď Y.
Case 3. p ă q ď up ă uq ă Q. Let w " u f u´1. Since P ď u´1 p ă u´1q ď p, we have wp " uu´1p " p and wq " uu´1q " q. Hence, wpYq " Y.
Let Fpx, yq be the free group on tx, yu and g P Fpx, yq. We say a word w P Fpx, yq is a successive conjugation of x by g if there exist n ě 1 and s 1 , s 2 , . . . , s n P t1,´1u such that for the sequence of words in Fpx, yq defined by
we have w " w n . 
The right-angled Artin group on a path
The main objective of this section is to prove Proposition 1.6. Throughout this section, we assume to have a faithful representation φ : ApP 4 q Ñ Diff 1`bv pMq such that φpvq is grounded for each v P VpP 4 q. We will continue to assume M is connected. For brevity, we let each v P VpP 4 q also denote the diffeomorphism φpvq. We label the vertices of P 4 as in Figure 2 , and use the notations V " VpP 4 q " ta, b, c, du and J v " π 0 psupp vq for each v P V. We choose this particular labeling of the vertices so that none of ra, bs, rb, cs or rc, ds is trivial. Proof. For each v P tb, cu and J 1 P J v , the Disjointness Condition (Lemma 4.9) implies that either J X J 1 " ∅ or J " J 1 holds. By the Abelian Criterion (Theorem 4.6), we see xa, b, c, dy acts as an abelian group on J.
For f, g P Homeo`pMq, we define 
(iv) x P J P π 0 psupp f q X π 0 psupp gq such that x f, gy acts on J as an abelian group. In each of the cases, we have that r f, gsx " x.
Lemma 5.3. The following statements hold:
( We say a sequence of four intervals pI 1 , I 2 , I 3 , I 4 q forms a chain when I i &I j if and only if |i´j| " 1. Figure 3 illustrates examples where sequences of four intervals pI a , I b , I c , I d q form chains. 
This inequality is absurd since cb is order-preserving.
We let g " cbab´1c´1 so that supp g " cb supp a. 
The Two Jumps Lemma
In this section we prove some quantitative estimates on first derivatives which naturally arise in our setup. We let M " I or M " S 1 .
Lemma 6.1. If f : M Ñ M is a C 1 map and x is an accumulation point of Fix f , then f 1 pxq " 1.
Proof. Choose a sequence px n q ně1 converging to x such that x n P Fix f and x n ‰ x for each n. Then there exists y n between x n and x satisfying f 1 py n q " p f px n qf pxqq{px n´x q " 1. We have 1 " lim nÑ8 f 1 py n q " f 1 plim nÑ8 y n q " f 1 pxq.
The length of an interval J is denoted by |J|. Proof of Lemma 6.2. Suppose f and g are C 1 , and choose s j P A j X Fix g and t j P B j X Fix f for each j ě 1. We have a configuration of points as shown in Figure 4 (a), up to choosing a subsequence and reversing the orientation of M. So, f py j q ď s j ă y j ă t j ď gpy j q.
Lemma 6.2 (Two Jumps Lemma
By further passing to a subsequence, we can also assume that lim jÑ8 y j " y for some y P M so that f pyq " y " gpyq. Since ps j q and pt j q both accumulate at y, we see f 1 pyq " 1 " g 1 pyq from Lemma 6.1. Using the Mean Value Theorem, we can find u j P ps j , y j q and v j P py j , t j q satisfying
and hence, f 1 pv j qg 1 pu j q ě 4. We have a contradiction, since pu j q and pv j q both converge to y. pMq is an injective homomorphism, and we let the vertex set V " VpP 4 q " ta, b, c, du as shown in Figure 2 . By raising the generators to suitable powers, we may assume that φpApP 4preserves each component of M. From Lemma 3.4, we may further assume that M is connected. By raising to higher powers if necessary, we can also require that φpvq is grounded for each v; see Lemma 4.7. By Proposition 1.6 and Lemma 5.5, we have an infinite family of distinct intervals tI j v : j ě 1u Ď π 0 psupp vq for each v such that the hypotheses of Lemma 6.3 are satisfied after setting:
We have a contradiction by Lemma 6.3.
Quasi-isometric rigidity
In this section, we prove the following generalization of Theorem 1.2: Theorem 8.1. Let G be a finitely generated group which is quasi-isometric to the mapping class group of a finite type surface with complexity at least two. Then there is no injective homomorphism G Ñ Diff 1`bv pMq.
Recall that a finite type surface is a closed surface minus finitely many (possibly zero) punctures. Let us denote the center ZpS q " ZpModpS qq. The proof of Theorem 8.1 relies on the following result: Theorem 8.2 (QI rigidity of mapping class groups [2] , [18] ). Let S be a finite type surface with cpS q ě 2, and let G be a finitely generated group which is quasiisometric to ModpS q. Then after passing to a finite index subgroup of G if necessary, there is a homomorphism G Ñ ModpS q{ZpS q with finite index image and finite kernel.
To prove Theorem 8.1, let us start with a homomorphism φ : H 0 Ñ L 0 such that rG : H 0 s ă 8, rModpS q{ZpS q : L 0 s ă 8 and such that K 0 " ker φ is finite. Let L 1 be the preimage of L 0 with respect to the projection ModpS q Ñ ModpS q{ZpS q. See the diagram below.
Since cpS q ě 2, there exists L -ApP 4 q inside L 1 . Since L is torsion-free and |ZpS q| ă 8, we have that ModpS q{ZpS q also contains a copy of L. We denote this copy again as L. Put H " φ´1pLq and K " H X K 0 . We obtain an extension
We wish to show that H cannot act faithfully by C 1`bv diffeomorphisms on M. Choosing arbitrary lifts of generators of ApP 4 q to H, we have that the conjugation action acts by automorphisms of K. Since K is finite and acts faithfully on M, Hölder's Theorem implies that K is abelian. Moreover, some positive power of each generator of H acts by the identity on K, so that we may assume K is central. Proof. Label P 4 as in Figure 2 , and choose lifts tα, β, γ, δu of ta, b, c, du to H. We have that rb, ds " 1 in ApP 4 q, so that rβ, δs " q P K in H. Suppose q has order n. We then compute rβ n , δs " q n " 1 in H. Thus, we may replace tα, β, γ, δu by appropriate positive powers so that pairs which commute in the projection to ApP 4 q will commute in H. It follows then that there is a homomorphism ApP 4 q Ñ H which splits the surjection H Ñ ApP 4 q, whence it follows that H contains a subgroup isomorphic to ApP 4 q. pMq, we deduce that rβ, δs " rδ, αs " rα, γs " 1 and that xα, β, γ, δy -ApP 4 q.
